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Estimation Using
confidence Intervals

OBJECTIVE
To explain the basic concepts of statistical estimation; to present
s0me estimators and to illustrate their use in practical sampling
situations involving one or two samples
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* STATISTICS IN ACTION
Bursting Strength of PET Beverage Bottles

Pnlyrethyrlene terephthalate (PET) bottles are used for carbonated beverages. At a certain facility, PET

bottles are produced by inserting injection molded pre-forms into a stretch blow machine with
24 cavities. Each machine can produce 440 bottles per minute. A critical property of PET bottles is
their bursting strength — the pressure at which bottles filled with water burst when pressurized.

In the Journal of Data Science (May 2003), researchers measured and analyzed the bursting strength of
PET bottles made from two different mold designs — an old design and a new design. The new mold design
reduces the time to change molds in the blow machine, thus reducing the downtime of the machine. This
advantage, however, will be negated if the new design has problems with low bursting strength. Conse-
quently, an analysis was performed to compare bursting strengths of PET bottles produced from the two
mold designs.

The data for the analysis was obtained by testing one bottle per cavity per day produced over a period
of 32 days for each design. Since the machine has 24 cavities, there were a total of 32 = 24 = 768 PET bot-
tles tested for each design. Each bottle was filled with water and pressurized until it burst and the resulting
pressure (in pounds per square inch) was recorded. These bursting strengths are saved in the PETBOTTLE
file, described in Table SIA7.1. The researchers showed that there were no significant trends in bursting
strength over time (days) and that there were no "cavity effects” (i.e., no significant bursting strength dif-
ferences among the 24 cavities within each design). Thus, the data for all cavities and all days were pooled
in order to compare the two mold designs.

& PETBOTTLE

TABLE SIA7.1:

Variable Name Description Data Type
DESIGN Mold design (OLD or NEW) Qualitative
DAY Day number Quantitative
CAVITY Cavity number Quantitative
STRENGTH Bursting strength (psi) Quantitative

In the Statistics in Action Revisited at the end of this chapter, we demonstrate how the methods
outlined in this chapter can be used to compare bursting strengths of PET bottles produced from the two
mold designs.




Definition 7.1
A point estimator is a random variable that represents a numerical estimate of a population param-

eter based on the measurements contained in a sample. The single nhumber that results from the cal-
culation is called a point estimate.




Definition 7.2

An interval estimator is a pair of random variables obtained from the sample data used to form an
interval that estimates a population parameter.
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Sampling distribution of a sample
mean for large samples

Approximately .95




FIGURE 7.2 /'
Sampling distributions for unbiased

and biased estimators of @

6 2} HUp
HA N, et
Bias

a. Estimator A is unbiased. b. Estimator B is biased.

Definition 7.3

An estimator @ of a parameter @ is unbiased if £(8) = 6. If E(8) # 8, the estimator is said to be
biased.

Definition 7.4

The bias D(BA} of an estimator 8 is equal to the difference between the mean E ( E’») of the sampling dis-
tribution of 6 and 6, i.e.,

b(H) = EB) —




Definition 7.5

The minimum variance unbiased estimator (MVUE) of a parameter 4 is the estimator 8 that has the
smallest variance of all unbiased estimators.




FIGURE 7.3

Sampling distributions for two
unbiased estimators of € with
different variances

Mean squared error for 0: E[(a — 9)2]




FIGURE 7.4

Sampling distributions of biased
estimator A and MVUE B

It can be shown (proof omitted) that

E[(6 — 0)%] = V(8) + bXH)
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Exam ple 7.1 Letys, Vo, . . ., ¥ be @ random sample of n observations on a random variable Y mean . and variance o2.

Unbiased Estimat €2 Show that the sample variance s2 is an unbiased estimator of the population variance ¢ when:
nblased estimator o

7 a. The sampled population has a normal distribution.

b. The distribution of the sampled population is unknown.

'.é"‘




From Theorem 4.4, 0 = E(Y?) — p*. Consequently, E(Y?) = o* + u? for a ran-
dom variable Y. Since each Y value, v, v,. ..., y,. was randomly selected from a

population with mean u and variance o, it follows that

EG) =0+ u*(i=1,2,....n)



Taking the expected value of s* and substituting these expressions, we obtain

E(s%)

2

This shows that, regardless of the nature of the sampled population, s© 1s an un-

biased estimator of o2




Method of
moments to

create point
estimates

Definition 7.6

Letyq, Vs, ..., ¥n represent a random sample of n observed values on a random variable Y with some
probability distribution (discrete or continuous). The kth population moment and kth sample mo-
ment are defined as follows:

kth population moment: £( Y¥)

n
S

i=1

kth sample moment: ny =
For the case k = 1, the first population moment is E(Y) = p and the first sample momentis my = y.

Definition 7.7

Letyq, Yo, ..., ¥, represent a random sample of n observations on a random variable Y with a proba-
bility dlstrlbutlon (dlscrete or continuous) with parameters 84, 6, . . ., 6. Then the moment estima-
tors, 6 1, 92, .. Bk, are obtained by equating the first m sample moments to the corresponding first

m population moments:

!
— —1 E_‘:i
:%Eﬁ

Eﬂk* Eh

and solving for 84, 85, . . ., 8. (Note that the first m population moments will be functions of 4, 9, . . ., O.)
Note: For the special case m = 1, the moment estimator of 6 is some function of the sample
meany.



Example 7.2

Point Estimate of a Mean:
Auditory Nerve Response
Rate

Research in the Journal of the Acoustic Society of America found that the response rate Y of auditory
nerve fibers in cats has an approximate Poisson distribution with unknown mean A. Suppose the au-
ditory nerve fiber response rate (recorded as number of spikes per 200 milliseconds of noise burst)
was measured in each of a random sample of 10 cats. The data follow:

15.1 14.6 12.0 19.2 16.1 15.5 11.3 18.7 17.1 17.2

Calculate a point estimate for the mean response rate A using the method of moments.



The following will be an example of MLE

Learn by doing!!



Go through all examples

Let y1, Vo, . .., Y be a random sample of n observations on a random variable Y with the exponential

Finding a Maximum density function

Likelihood Estimator oV/B

) = B

0 elsewhere
Determine the maximum likelihood estimator of s.

if0 =y < oo




Maximum likelihood method

Definition 7.8

a. The likelihood function L of a sample of n observations y1, Vs, . . ., ¥p, IS the joint probability func-
tion p(y4, ¥, . . ., Ypywhen Yq, Yo, ..., Y, are discrete random variables.

b. The likelihood function L of a sample of n observations, v1, Vo, . . ., Vn, IS the joint density func-
tion f(y1, Vo, . . ., Yn) When Yq, Yo, . . ., Y, are continuous random variables.

Note: For fixed values of y4, Vs, . . ., ¥, L Will be a function of é.

Important!!




a. Let yi, yo, ..., y, represent a random sample of n independent observations on a
random variable Y. Then L = p(v;)p(y>) -+ p(v,) when Y is a discrete random
variable with probability distribution p(y).

b. Let y;, vo, ..., Vv, represent a random sample ot n independent observations on a
random variable Y. Then L = f(v{)f(v>) --* f(v,) when Y is a continuous random
variable with density function f(y).



Maximum likelihood estimators

Definition 7.9

Let L be the likelihood of a sample, where L is a function of the parameters 64, 65, . . ., fr. Then the
maximum likelihood estimators of 44, 6, . . ., Oy are the values of 64, 65, . . ., 8 that maximize L.



3 ways we will learn to make MLE’s

Newton-Raphson Algorithm
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"’ -+ &R il é ” Go to file/function v Addins ~ (B Project: (No
=3 Exam 1-2022-APRIL-questions.Rmd KB newtraph (10).R* A project 1 3 [ —
@ A [ BsourceonSave ©® - B B Run K~ source ~ = List ~

Newton-Raphson Algorithm
94 LA
on the derivative
95
96

D1, 11.

97 windows () ;myNRML (x0=0.99,delta=0.000001,1Tik=function
(x) Tog(dbinom(12,s1ze=20,prob=x)*dbinom(10,size=25
,prob=x)) ,xrange=c(0.01,0.99),parameter="p" )

08

99

100

101
100:1 (Top Level) = R Script =

L)
=
=

m
=

[i}]
el

Console  Jobs ]

@ R4.12 - D:/downloads/ = 7

$x
[1] 0.9900000 0.9800991 0.9605938 0.9227961 0.8522441
[6] 0.7324361 0.5780699 0.4937058 0.4888873 0.4888884

Sy
[1] -2.277893e+03 -1.133307e+03 -5.607694e+02
[4] -2.740738e+02 -1.298485e+02 -5.592422e+01
[7] -1.645381e+01 -8.672673e-01 2.016387e-04
[10] 8.881784e-10 Description




Other methods

Method of Least Squares Another useful technique for finding point estimators is
the method of least squares. This method finds the estimate of 6 that minimizes the
mean squared error (MSE):

MSE = E[(6 — 6)?]

The method of least squares—a widely used estimation technique—is discussed in
detail in Chapter 10. Several other estimation methods are briefly described here:
consult the references at the end of this chapter if you want to learn more about

their use.




Other point estimators not discussed in detail within this
course

v/ Pas

JACKNIFE ROBUST




JACK-KNIFE method



JackknifeR

* Leave one(or more) datum out then estimate

File Edit Code View Plots Session Build Debug Profile Tools Help

- % &- BB ®E & A Gotofile/function & ~ Addins ~ E) Project: (None) ~

astion.R "a exam1-answers.Rmd "'3 lab9.Rmd 'a M8.R 'a quiz9.R 'a M9.R "'3 T-dist Rmd 'n M10.R 'n JackKnifeR.R* 'a app (10).R » @
@ A B @ Source on Save .\ .':‘I‘? - . B Run f ‘ E* source ~ =

Tibrary(jackknifeR)
« mymean <- function(data)f
m <- mean(data$LENGTH,na.rm = TRUE)
sd <- sd(data$LENGTH)
v <- c(m,sd)
names(v) <- c("mean", "sd")
\%
}
mymean (ddt)
Tibrary(Intro2R)
out <- jackknife(statistic = mymean,d = 1,data = ddt,conf = 0.95)
out
t.test(ddt$LENGTH) $conf.int
est <- as.data.frame(out$Jackknife.samples.est)
df <- merge(est,ddt)
dim(est)
tail(df)

1
P
3
4
5
6
7
8
)

Tibrary(ggplot2)

g <- ggplot(data = df, aes(x = mean)) +
geom_histogram()

windows() ;g




File Edit Code View Plots Session Build Debug Profile Tools Help

- ®«- 8 i ‘ #» Go to file/function &= - Addins ~ (’ Project: (None) ~

Source @ D

Console  Terminal Background Jobs -

C) R4.1.2 - D/AppliedStatsCourses2022-23Construction/MATH5773/Modules/M10/ # &
> out <- jackknife(statistic = mymean,d = 1,data = ddt,conf = 0.95)
> 0out

confidence Level: 0.95

Jackknife Summary:

Estimate bias se t ci.lower ci.upper
mean 42 .812 0.00000 0.5735 74.65 41.679 43.946
sd 6.903 -0.02122 0.5405 12.77 5.835 7.972

> T.test(ddt$LENGTH) $conf.int

[1] 41.67885 43.94615

attr(,"conf.level™)

[1] 0.95 compare
>
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Ouuie

"’ v+ 1 @& - B il é ” Go to file/function v Addins ~ “ Project: (None) ~
ﬁ M9.R ""3 lab10.Rmd ﬁ quiz10.R E replicate.R* ﬁ newtraph (20).R ) S @ Environment History  Connections  Tutorial — ]

@ 7@ [ @ Source on Save LN /t | B Run K> source ~+ = w B B import ~ © s50MB ~ € = List ~ c v
:ZL # replg}cate function R ~ B Global Environment ~ Q
3 )r: z_ 1:10 out num [1:10000] 43.9 43.7 4.
4 1 <- length(x) X int [1:10] 1 2 3 456 7 ..
5 replicate(n, mean(x[sample(1l:1,1,replace = TRUE)])) Functions
673 # OR bar function (n, x) |
8 « robmean <- function(data, trim = 0.05){ # makes an estimate

from one random sample Files Plots Packages Help Viewer Presentatior m [ |

9 1 <- length(data) © 5 = bport ~ | X .
10 v <- sample(l:1,1,replace = TRUE) - S — 2 BR) C
11 X <- datalv]
12 , trim = tri # robust -
B mean (X rim rim) robus Hlstogram of out
14
15+« myboot <- function(n, data){ >
16 replicate(n, robmean(data)) 6
17 - } -
18 o
19 out <- myboot(n = 10000, data = Intro2R::ddt$LENGTH) L
20
21 hist(out)
22
5:52 (Top Level) = R Script =

Console =




Interval estimates

Definition 7.10

The confidence coefficient for a confidence interval is equal to the probability that the random
interval, prior to sampling, will contain the estimated parameter.



THEOREM 7.2

Let @ be normally distributed for large samples with E(@) = 6 and standard error o3;.

6
Thena (1 — a)100% confidence interval for 6 is




FIGURE 7.6 )

The sampling distribution of ) for
large samples

Approximately .95




Pivotal method

Let y and s be the sample mean and standard deviation based on a random sample of n observations

c::_ . - - . . 2
Finding a 95% confidence (n < 30) from a normal distribution with mean . and variance o

Interval for w: Pivotal Method | & Derive an expression fora (1 — a) X 100% confidence interval for p.
b. Find a 95% confidence interval for w if y = 9.1, 5 = 1.1, and n = 10.



FIGURE 7.7

The location of 74/ and —74/, for a
Student’s 7T distribution




Substituting the expression for 7 into the probability statement, we obtain

y - M
P(_Ta,fﬁl =T= a;’Z) = P(&_}'E = m = I“.fz) =1 — «

Multiplying the inequality within the brackets by s/ Vn, we obtain

s _ _ s
P[_r“”(ﬁ) s f"“ﬁ(ﬁﬂ S

Subtracting v from each part of the inequality yields

— A) _ §
P|:—_1’ — I&KQ(W) = —upu=-y+ ."‘aﬁ(ﬁ)} =1 -«

Finally, we multiply each term of the inequality by —1, thereby reversing the
inequality signs. The result is

_ s o §
P|:_".‘ — rﬂﬂ(ﬁ) =pu=y-+ Ta!.ig(ﬁ)} =1 -«

Therefore, a (1 — «)100% confidence interval for u when n is small is

_ s
= rcrﬁ(ﬁ)

* Follow the proof




Two ways
of

obtaining
ci’s
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"’ -+t & - B - é » Go to file/function H ~ Addins ~ 3 Project: (None) ~

Source @ D

Console R Markdown Jobs !

C R412 - D/downloads/ = J/
> ddt$LENGTH
[1] 42.5 44.
[22] 50.0 46.
[43] 28.5 26.
[64] 49.5 46.
[85] 45.0 45.
[106] 47.0 47.
[127] 33.5 47.
> mp <- c(-1,1)
mn <- mean(ddt$LENGTH)
t <- qt(1-0.05/2, 144-1) n-1 degrees freedom
ci <- mn + mp*t*sd(ddt$LENGTH) /sqrt(144)
Ci
[1] 41.67885 43.94615
> t.test(ddt$LENGTH) $conf.int
[1] 41.67885 43.94615
attr(,"conf.level™)
[1] 0.95

>

41.5 39.
52.0 48.
25.5 25.
46.5 36.
45.0 45.
47.0 36.
50.0 45.

43.5 40.5 47.5 44.
49.0 46.0 52.0 46.
42.0 42.5 44.0 43.
35.5 46.0 45.0 44.
48.0 38.0 38.5 29.
46.0 40.0 43.5 46.
38.0 38.5 36.0 26.

OO ooo
coocococoo
coocoocoo




Practical Interpretation of a Confidence Interval

If a (1 — «@)100% confidence interval for a parameter € is (LCL, UCL), then we are
(1 — a)l00% *“confident” that @ falls between LCL and UCL. l

Theoretical Interpretation of the Confidence Coefficient (1 —a)

If we were to repeatedly collect a sample of size n from the population and construct a

(1 — a«)100% confidence interval for each sample, then we expect (1 — a)100% of
the intervals to enclose the true parameter value. .




Small-Sample (1 — a)100% Confidence Interval
for the Population Mean,

where 1,5 is obtained from the Student’s 7 distribution with (n — 1) degrees of
freedom.

Assumption: The population from which the sample is selected has an approxi-
mately normal distribution.




Small-Sample (1 — a)100% Confidence Interval
for (w4 — o) Independent Samples and o = o3

1 I
= 5 21 o
(Vi — W) £ 1o Sp( n, + ”2)

where
(ny — 1)st + (ny — 1)s3

ny + np — 2

and the value of 1,5, is based on (n; + ny — 2) degrees of freedom.

Assumptions: 1. Both of the populations from which the samples are selected have
relative frequency distributions that are approximately normal.

. The variances cr% and {r% of the two populations are equal.

. The random samples are selected in an independent manner from
the two populations.
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@) coNCReTE | TABLE 7.4 Permeability Measurements for 3% and 7%
Asphalt Concrete, Example 7.10

3% 1,189 840 1,020 980
1% 853 900 733 785

Source: Woelll, G., Wel, L., Faulstich, C., and Litwack, H. “Laboratory
testing of asphalt concrete for porous pavements.” Journal of Testing and
Evaluation, Vol. 9, No. 4, July 1981, pp. 175-181. Copyright American
Society for Testing and Materials.

Asphalt Content




names (cc)
head (cc)
ccnew<-within (cc, ASPHALT <- factor (ASPHALT))
with (ccnew, boxplot (WATERLOSS ~ ASPHALT))
with (ccnew,var. test (WATERLOSS~ASPHALT))
with (ccnew, t.test (WATERLOSS ~ ASPHALT,

mu = 0,

var.equal = TRUE))
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900
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|
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"’ ~ | @9 il g ” Go to fileffunction E ~ Addins ~ (" Project: (None) ~

Source Environment  History = Connections  Tutorial — ]

* New Connection Q
C _R 405 - ~/ » Connection Status
> with(ccnew, t.test(WATERLOSS ~ ASPHALT,
- mu = 0,
+ var.equal = TRUE))

Two Sample t-test

data: WATERLOSS by ASPHALT
t = 2.3478, df = 6, p-value = 0.05723
alternative hypothesis: true difference in means is not equal to 0
95 percent confidence interval:
-7.995625 386.995625
sample estimates: €« 2 Zoom TExport -+ *A
mean in group 3 mean in group 7
1007.25 817.75
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Welch 2 sample t-test

Approximate Small-Sample Inferences for (i 1_ e 2) when % = o3

To obtain approximate confidence intervals and tests for (n; — w2) when gl # o3,
make the following modifications to the degrees of freedom, v, used in the 7 distri-
bution and the estimated standard error:

. 1
np=n,=n v=n+n—2=2n-—1) T5,-3, = 4 f;{.ﬁ;% + 53)

(s1/m + s3/ny)” .
m -r+—H2: Vv = oy _y, =

(st/m)*  (s3/m)* o
_|_

ny — 1 ny, — 1

[Note: In the case of ny # n,, the value of » will not generally be an integer. Round
v down to the nearest integer to use the 7 table.”

Assumptions: 1. Both of the populations from which the samples are selected have
relative frequency distributions that are approximately normal.
2. The random samples are selected in an independent manner from
the two populations.




paired samples

(1 — @)100% Confidence Interval for ug = ( w1 — p2): Matched Pairs

Let dy, d», ..., d, represent the differences between the pairwise observations in a
random sample of n matched pairs, d = mean of the n sample differences, and
54 = standard deviation of the n sample differences.

Large Sample Small Sample

— T — Sq

= (w) 4% (7)

where o is the population deviation where f, is based on (n — 1)
of differences. degrees of freedom.
Assumption: n = 30 Assumption: The population of

paired differences is normally distributed.

[Note: When o4 1s unknown (as is usually the case), use s, to approximate o ;.|




Example 7.11

Matched Pairs Confidence
Interval — Driver Reaction
Time

A federal traffic safety engineer wants to ascertain the effect of wearing safety devices
(shoulder harnesses, seat belts) on reaction times to peripheral stimuli. A study was
designed as follows: A random sample of 15 student drivers was selected from stu-
dents enrolled in a driver-education program. Each driver performed a simulated driv-
ing task that allowed reaction times to be recorded under two conditions, wearing a
safety device (restrained condition) and wearing no safety device (unrestrained condi-
tion). Thus, each student driver received two reaction-time scores, one for the re-
strained condition and one for the unrestrained condition. The data (in hundredths of a
second) are shown in Table 7.7 and saved in the SAFETY file. Find and interpret a

@2 saFeTY

TABLE 7.7 Reaction time data for Example 7.11
Condition

Driver Restrained Unrestrained Difference
1 36.7 36.1 0.6
37.5 35.8 1.7
39.3 384 0.9
44.0 41.7 2.3
384 38.3 0.1
43.1 42.6 0.5
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"’ -+t & - B - é » Go to file/function H ~ Addins ~ 8 Project: (None) ~

O R405 -~/ » & .
> with(safety, t.test(REAC.R, REAC.U, paired = TRUE))

Paired t-test

data: REAC.R and REAC.U
t = 3.8386, df = 14, p-value = 0.001808
alternative hypothesis: true difference.in means i1s not equal to O
95 percent confidence interval:
0.5206909 1.8393091
sample estimates:
mean of the differences

1.18

Ko,

> with(safety, t.test(Diff})) o %

N Yo

c
One Sample t-test Obnqs

Lr,
) ta, Qf

¢
Va8

data: Diff
t = 3.8386, df = 14, p-value = 0.001808
alternative hypothesis: true mean is not equal to O
95 percent confidence interval:
0.5206909 1.8393091
sample estimates:
mean of x
1.18

> |




Large sample ci for a proportion

Large-Sample (1 — a)100% Confidence Interval
for a Population Proportion, p

A A

A A B} Pdq
P T 2aqp0p =P L g\ —

n

where p is the sample proportion of observations with the characteristic of interest,
andg =1 — p.

(Note: The interval is approximate since we must substitute the sample p and g for
the corresponding population values for 05 )

Assumption: The sample size n 1s sufficiently large so that the approximation is
valid. As a rule of thumb, the condition of a “sufficiently large™ sample size will be
satisfied if np = 4 and ng = 4.




ci for difference in proportions

Large-Sample (1 — «)100% Confidence Interval for (p — p»)

|||-""~ A, A A
~ ~ } oy A _ P14 P24?
(1”1 IR ;“'2) T “'”.-“'IQU{JE}I —py) (,”1 — ;32) + "‘"’-".-“'IE'\‘IFI ; -+

|

)
where p; and p, are the sample proportions of observations with the characteristic of
interest.




ci for a population variance

A (1 — a)100% Confidence Interval for a Population Variance, o?

(n — 1)s° ,  (n— 1)s?
Xa/2 X{

1 —c/2)

where Xi.f?i and )(El _a/2) are values of XE that locate an area of a/2 to the right and /2 to
the left, respectively, of a chi-square distribution based on (n — 1) degrees of freedom.

Assumption:  The population from which the sample is selected has an approximate
normal distribution.




The F pivotal statistic
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Properties of the f statistic

1

FZ(Vl) VZ)
2

see proof



F quantile equivalents

Dr Wayne Stewart
4/30/2021

Introduction

You may be slightly confused by the varied representations of confidence intervals for sigma because the quantile F multipliers are different to what
is expected. This is often because there is an equality that can be expressed:

1
F, ==
ab1, VZ) Fl—ct("'Z: Vl)
Proof
We will use Fj, to represent the random variable
2
Fiy — X;/”l
X3/
Therefare,
1
Py =—
Fyy
Hence,
P(Fp < Fp(r,m)) =1-a
P(l/F12 :: 1/FH(I11,V2)) = ]. —
P(Fy = 1/Fu (v, 1n))=1—«a
P(Fy 2 Fy_4(np,m))=1-a

Therefore the result follows from
Fy_o(va, 1) = 1/Fy (g, 1)

after taking reciprocals of both sides.

R confirmation

alpha = 8.85

nul = 3@

nu2 = 48

gf(alpha, nul, nu2)

## [1] 8.5581011
1/gf(1-alpha, nu2,nul)

## [1] @.5581011



ci for ratio of population variances

A (1 — @)100% Confidence Interval for the
Ratio of Two Population Variances, o5/ o3

2 2
57 | (o ST
— . —

2 F -2
52 a/2(vir) ag) 82

where Fo/(y,.v,) 18 the value of F that locates an area /2 in the upper tail of the F
distribution with v{ = (n; — 1) numerator and v, = (n, — 1) denominator de-
grees of freedom, and F,(y,,v,) 18 the value of F that locates an area «/2 in the upper
tail of the F distribution with v, = (n, — 1) numerator and | = (n; — 1) denom-
inator degrees of freedom.

Assumptions: 1. Both of the populations from which the samples are selected have
relative frequency distributions that are approximately normal.

2. The random samples are selected in an independent manner from
the two populations.







Check out all examples

As part of a Department of Energy (DOE) survey, American families will be randomly selected and

- - . questioned about the amount of money they spent last year on home heating oil or gas. Of particular
Choosing 1 tO. Estimate p. interest to the DOE is the average amount u spent last year on heating fuel. If the DOE wants the
Mean Expenditure on estimate of u to be correct to within $10 with a confidence coefficient of .95, how many families
Heating Fuel should be included in the sample?

Solution | The DOE wants to obtain an interval estimate of w, with confidence coefficient equal
to (1 — @) = .95 and half-width of the interval equal to 10. The half-width of a large-
sample confidence interval for w is

o
H = /29y T a2 W

In this example, we have H = 10 and z,/» = Zgp5 = 1.96. To solve the equation for
n, we need to know o. But, as will usually be the case in practice, o is unknown. Sup-
pose, however, that the DOE knows from past records that the yearly amounts spent

on heating fuel have a range of approximately $520. Then we could approximate o by
letting the range equal 40.* Thus,



130

!

dg ~ 520 or o

Solving for n, we have
. o 10 = 196 130
= Z4/ or = 1.96| —=
>\ Vn Vi

1.96)%(130)"
n:( ) )x(ﬁo

(10)°

or




We could use ta
2

Console R Markdown Jobs

D:/RPACKAGES/Intro2R/ »*

> nh

function(n) abs(n - gqt(1-0.05/2,n-1)A2*130A2/100)
<bytecode: 0x000002b33fd7f2c8>

> optimize(f=nh,interval = c(600,700))

$minimum

[1] 651.6287

$objective
[1] 4.07807e-06

>




Not much difference

The use of Za

2
instead of ta is to

2
simplify the
computation




Choosing the Sample Size for Estimating a Population Mean w to Within H
Units with Probability (1 —a)

(Za/zg)z
0=
H

(Note: The population standard deviation o will usually have to be approximated.) I

Choosing the Sample Sizes for Estimating the Difference (1 —pup)
Between a Pair of Population Means Correct to Within H Units with
Probability (1 —a)

- 2
“af2 \*
nlnz(H)(O'%+0'%)

where n and n, are the numbers of observations sampled from each of the two popu-
lations, and cr% and a'% are the variances of the two populations. l

Choosing the Sample Size for Estimating a Population Proportion p to
Within H Units with Probability (1 —a)

NETA%
n=\ ) va

where p is the value of the population proportion that you are attempting to estimate,
andg =1 — p.

(Note: This technique requires previous estimates of p and ¢. If none are available, use
p = g = .5 for a conservative choice of n.) I

Choosing the Sample Sizes for Estimating the Difference (p, —p,) Between
Two Population Proportions to Within H Units with Probability (1 —a)

- )
<af2 \©
ng=ny = (H ) (Pigi + P2q2)

where p; and p, are the proportions for populations 1 and 2, respectively, and »n; and
115 are the numbers of observations to be sampled from each population. l




$ STATISTICS IN ACTION
Bursting Strength of PET Beverage Bottles

olyethylene terephthalate (PET) bottles are used for carbonated beverages. At a certain facility, PET
bottles are produced by inserting injection moided pre-forms into a stretch blow machine with
24 cavities. Each machine can produce 440 botties per minute. A critical property of PET bottles Is
their bursting strength — the pressure at which bottles filled with water burst when pressurized
In the Journal of Data Science (May 2003), researchers measured and analyzed the bursting strength of
PET botties made from two different mold designs - an old design and a new design. The new molid design
reduces the time to change moids in the blow machine, thus reducing the downtime of the machine. This
advantage, however, will be negated if the new design has problems with low bursting strength. Conse-
quently, an analysis was performed to compare bursting strengths of PET botties produced from the two
mold designs
The data for the analysis was obtained by testing one bottle per cavity per day produced over a period
of 32 days for each design. Since the machine has 24 cavities, there were a total of 32 < 24 ~ 768 PET bot-
tles tested for each design. Each bottle was filled with water and pressurized until it burst and the resulting
pressure (in pounds per square inch) was recorded. These bursting strengths are saved in the PETBOTTLE
file, described in Table SIA7.1. The researchers showed that there were no significant trends in bursting
strength over time (days) and that there were no “cavity effects” (1.e., no significant bursting strength dif-
ferences among the 24 cavities within each design). Thus, the data for all cavities and all days were pooled
in order to compare the two moid designs.

a PETBOTTLE

TABLE SIA7 1

vanable Name Description Data Type
DESIGN Mold design (OLD or NEW) Qualitative
DAY Day number Quantitative
CAVITY Cavity sumber Quantitative
STRENGTH Bunting streagth (ps1) Quantitative

In the Statistics In Action Revisited at the end of this chapter, we demonstrate how the methods
outiined In this chapter can be used to compare bursting strengths of PET botties produced from the two

mold designs




PET

EXAMPLE

400 -

300 -

200~

100 -

count

400 -

300 -

200 -

100 -

100

STRENGTH

200

M3N

aio

DESIGN



Density

0.02 0.04 0.06

0.00

Mixture of Normals

100

150

Mmix

200



Problems

CLT

We can see that there is some bimodality for the New design and non Normality also apparent in the Old
design. Does this fact in itself make the assumptions of Normality for Yy pw — Yorp invalid? The answer
is NO!! Why? Because of the CLT, which says that regardles of the distribution of Y the mean Y will be

approx. Normal with n sufficiently big.
Here is the ci for uypw — rorp — how do we know it is in this order? R will take the alphabetial order by
default.

tt<-with(pet, t.test(STRENGTH ~ DESIGN, var.equal=TRUE))
unique (pet$DESIGN)

## [1] "OLD" "NEW"

Assumming equality of population variances, appealing to the CLT and creating a ci using the side effect of
the t.test yields -19.9100336, -14.1628831.

This means that it is plausible that the new pop mean is smaller than the old pop mean. (Both sides of the
ci are negative)



New design

The new design has 2 modes — the first mode is showing that the bottles burst early and the second mode
a later series of bottles burst at a higher pressure.

If the production process can be changed so that bottles do not burst early then the new process could be
appreciably better.

Investigation of a possible improvement

If the lower part of the distribution (<200) can be removed by fixing the manufacturing process then it is
conceivable that the New design could very well end up a better design.

More informed analysis

pet [pet$STRENGTH>200,] -> df
df$DESIGN = factor (df$DESIGN)
with(df, t.test(STRENGTH ~ DESIGN, var.equa TRUE) ) $conf . int

## [1] 5.573448 6.604864
## attr(,"conf.level")
## [1] 0.95

The interval has positive end points so that it would be plausible that provided the machinery could be
adjusted to remove the cluster of low bursting strength - the new design would be better.




Using the
Bayesian
paradigm




Bayes’ Rule

0)f (x|6
5 (0]x) = p(6)f(x|0)

p(x)



Use
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File Edit Code View Plots Session Build Debug Profile Tools Help

"’ - - - - l # Go to file/function E ~ Addins ~
a Untitled2* a mix.R a stats_in_action_pet.Rmd a two-sample.stan
- A @ CheckonSave ® -~
19
20 // The parameters accepted by the model. our model
21 // accepts two parameters 'mu’ and 'sigma’.
22 » parameters {
23 real mul;
24 real mu2;
25 real<lower=0> sigmal;
26 real<lower=0> sigma2;
27 ~ }
28
29+ transformed parameters {
30 real diffmu;
31 real diffsigma;
32
33 diffmu = mul - mu2;
34 diffsigma = sigmal - sigma2;
35+ }
36
37 // The model to be estimated. we model the output
38 // 'y' to be normally distributed with mean 'mu'’
39 // and standard deviation 'sigma’.
40 » model {
41 yl ~ normal(mul, sigmal);
42 y2 ~ normal(mu2, sigma2);
43+ }
e
45
46
47
35:2 (Top Level) =
Console

a two-sample.R

"3 Exam1-help.Rmd

A nevw — =
K Check =

Stan =

20O

= IEE'

@ Project: (None) ~

Environment  History  Connections 1

Files Plots Packages Help o (5
« /0 Zoom 'EExport ~ ’9
Posterior distributior

diffmu

diffsigma




RStudio
File Edit Code View Plots Session Build Debug Profile Tools Help

iy -+ &- 7 A = ” Go to file/function 5= ~ Addins ~

a Untitled2* n mix.R a stats_in_action_pet.Rmd : two-sample.stan n two-sample.R a Exam1-help.Rmd a ([0 J—

@ /A 7 @souceonSave © - BB B Run K- source -~

1 Tlibrary("bayesplot")

2 library("rstanarm")

3 options(mc.cores = parallel::detectCores())

4 library("ggplot2")

5 Tlibrary("dplyr")

6

7

8 +two_sample <- Tist(N1l = 30, N2 = 40, y1 = rnorm(30, 35, 10), y2 = rnorm(40, 30,8))
9 f4it <- stan(
10 file = "two-sample.stan",
11 data = two_sample,

12 chains = 4,
13 warmup = 1000,
14 iter = 4000,

15 cores = 2,
16 refresh = 0
17 )

18

19 plot_title <- ggtitle("Posterior distributions™)
20 posterior <- as.matrix(fit)

21

22 windows () ;mcmc_areas(posterior,

23 pars = c("diffmu","diffsigma"),

24 prob = 0.95) + plot_title

25

26 windows () ;mcmc_trace(posterior, pars = c("mul”,"mu2”, "diffmu™))

27 |
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Console

R Markdown

Jobs

€ R4.12 - Dy/2022-MATHA4753/Presentations/Chapter 7/ #

> summary (fit)

$summary
mean
mul 36.148230 0
mu?2 30.605419 0
sigmal 9.851251 0
sigma2 7.505815 0
diffmu 5.542811 0
diffsigma 2.345436 0
Tp__ -178.336128 0
$c_summary
, , chains = chain:1
stats
parameter mean
mul 36.158295
mu2 30.579105
sigmal 9.861547
sigma2 7.537786
diffmu 5.579190
diffsigma 2.323761
Tp__ -178.344601

stats

chains = chain:2

9.
9.
5.

» Go to file/function E ~ Addins ~
se_mean sd 2.5% 25% 50% 75%
.016611473 1.8135204 32.6123685 34.953663 36.133995 37.366776 39.
.010943682 1.1920054 28.2612400 29.811945 30.612713 31.394706 32.
.012940497 1.3609019 7.6246414 8.891894 9.696674 10.634530 12.
.008205081 0.8834619 6.0327017 6.878184 7.418248 8.043614
.020026054 2.1720681 1.2119593 4.100173 5.563979 6.958034
.015294226 1.6246055 -0.6124072 1.269213 2.262886 3.320422
.018287280 1.4376908 -182.0198781 -179.017490 -178.014563 -177.282157 -176.
sd 2.5% 25% 50% 75% 97.5%
1.814980 32.7028720 34.933628 36.133186 37.376798 39.767406
1.228772 28.2425842 29.736056 30.579071 31.416977 33.026943
1.317574 7.7636517 8.915464 9.707662 10.653152 12.676430
0.898865 6.0217757 6.917654 7.456156 8.083744 9.511347
2.194999 1.2193297 4.120515 5.605274 7.032301 9.899095
1.580777 -0.4874328 1.306285 2.239618 3.328471 5.598291
1.481375 -182.1375955 -179.001839 -178.013697 -177.268873 -176.546162

97.5%
732250
941098
927062
479738
820292
880717
558604

n_eff

11918.
11863.
11059.
11593.
11764.
11283.

6180.

69
96
91
38
03
42
63

ORrRrORrRORO

= IEE'
Project: (None) ~
a0

=
v

Rhat

.9997807
.0001051
.9999400
.0002281
.9998738
.0001152
-9999966




Quick Review
Key Terms

(Note: Items marked with an asterisk (*) are from the optional section in this chapter.)

*Bayes credible (probability)  Likelihood function 296 *Percentile bootstrap
intervals 354 Lower confidence limit 302 confidence intervals 352

*Bayesian estimation 352 Matched pairs 322 Pivotal method 301

Biased estimator 291 Maximum likelihood Pivotal statistic 301
*Bootstrap estimation 350 method 297 Point estimator 289
Confidence coefficient 301  Mean squared error 291 Pooled estimate of variance
Confidence interval 301 Method of moments 294 316

Interval estimator 290 Minimum variance Population moment 294
Jackknife estimators 299 unbiased estimator 291 *Posterior probability

Least-squares method 488  Paired observations 322 distribution 354

*Prior probability
distribution 354
*Resampling 350
Robust estimators 300
Sample moment 294
*Squared error loss 353
Unbiased estimator 291

Upper confidence limit
302




Chapter Summary Notes

A point estimator 6 of a population parameter 6 is unbiased if E(8) = 6: otherwise, the estimator is biased.

The minimum variance unbiased estimator (MVUE) of a population parameter # has the smallest variance among all
unbiased estimators.

Methods of estimation: pivotal method (either the method of moments or the maximum likelihood method),
Jjackknife method, robust estimation methods, bootstrapping. and Bayes’ estimation.

Confidence interval—an interval that encloses an unknown population parameter with a certain level of confidence
Confidence coefficient—the probability that a randomly selected confidence interval encloses the value of the popula-
tion parameter

Interpretation of the phrase “(/ — «)/00% confident”: In repeated sampling, (1 — «)100% of all similarly constructed
intervals will enclose the true parameter value.

Key words for identifying g as the parameter of interest: mean, average.

Key words/phrases for identifying g, — m, as the parameter of interest: difference between means or averages, com-
pare two means using independent samples.

Key words/phrases for identifying g; as the parameter of interest: mean or average of paired differences, compare two
means using matched pairs.

Key words for identifying p as the parameter of interest: proportion, percentage, rate.

Key words/phrases for identifying p; — p», as the parameter of interest: difference between proportions or percentages,
compare two proportions using independent samples.

Key words for identifying o~ as the parameter of interest: variance, spread, variation.

Key words/phrases for identifying crf/ {T% as the parameter of interest: difference between variances, compare variation
in two populations using independent samples.
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