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Bivariate Probability
Distributions and Sampling
Distributions

OBJECTIVE
To introduce the concepts of a bivariate probability distribution,
covariance, and independence; to show you how to find the
expected value and variance of a linear function of random
vaniables; to find and identify the probability distribution of
a statistic (a sampling distribution)

CONTENTS

6.1  Bivariate Probability Distributions for Discrete Random
Variables

6.2  Bivariate Probability Distributions for Continuous
Random Variables

4.3 The Expected Value of Functions of Two Random Variables
6.4 Independence
6.5  The Covariance and Correlation of Two Random Variables

6.6  Probability Distributions and Expected Values of
Functions of Random Variables (Optional)

6.7  Sampling Distributions
6.8  Approximating a Sampling Distribution by Monte Carlo
Simulation

6.9  The Sampling Distributions of Means and Sums
6.10 Normal Approximation to the Binomial Distribution
6.11 Sampling Distributions Related to the Normal Distribution




P(ANB) = P(A)P(B|A) = P(B)P(A | B)




PANB) = P(X=x,Y=y) =px,y)

= p1(x)pa(y | X)

= p2(y)pi(x | y)




Definition 6.1
The joint probability distribution p(x,y) for two discrete random variables, X and Y—called a

bivariate distribution—Is a table, graph, or formula that gives the values of p(x, y) for every combi-
hation of values of X and Y.




Requirements for a Discrete Bivariate Probability Distribution for X and Y
1. 0 = p(x,y) = 1 forall values of X and Y

2. ZEP(%}?) =1

(Note: The symbol 2 2 denotes summation over all values of both X and Y.)
A




TAEBLE 6.1 Bivariate
Probability Distribution
forXand Y




TAELE 6.1 Bivariate
Probability Distribution
forXand Y

The marginal probability distribution p(x) is given in the following table:
X 1 2 3
pix) 08 37 40 .15

Note from the table that 31— p1(x) =1




Definition 6.2

Let X and Y be discrete random variables and let p(x, y) be their joint probability distribution. Then the
marginal (unconditional) probability distributions of X and Y are, respectively,

pi(x) = > p(x.y) and po(y) = > p(x.y)
y X

(Note: We will use the symbol >’ to denote summation over all values of Y.)
>




Definition 6.3

Let X and Y be discrete random variables and let p(x, y) be their joint probability distribution. Then the
conditional probability distributions for X and Y are defined as follows:

p(x.y)
P1(x)

sl =250 s 1 =




TAELE 6.1 Bivariate
Probability Distribution
forXand Y

Therefore, the conditional probability distribution of X, given that ¥ = 2, is as shown
in the following table:




6.7 Red lights on truck route. A special delivery truck travels
from point A to point B and back over the same route each
day. There are three traffic lights on this route. Let X be the
number of red lights the truck encounters on the way to
delivery point B and let Y be the number of red lights the
truck encounters on the way back to delivery point A. A
traffic engineer has determined the joint probability distri-
bution of X and Y shown in the table.




Definition 6.4

The bivariate joint probability density function f(x, y) for two continuous random variables X and Y
is one that satisfies the following properties:

1. flx,v) = 0 for all values of X and ¥
o0 o
2. f_-:xf—-:xﬂx* y) =1

3. Pla=X=bc=Y=d)= fj fﬂbf(x, y) dx dy for all constants a, b. ¢, and d




Definition 6.5

Let f(x, y) be the joint density function for X and Y. Then the marginal density functions for X and Y
are

AW = [ e wma po)= [ feas

Definition 6.6

Let f(x, ¥) be the joint density function for X and Y. Then the conditional density functions for X and
Y are

flx,y)
F2(y)

~ flxy)

filx|y) = and  fo(y|x) = 700)




Example 6.4 Suppose the joint density function for two continuous random variables, X and Y, is given by

Joint Density Function for
10 =x = IBOEyEI

0 elsewhere

Continuous Random Variables flx,y) = {C.r

Determine the value of the constant c.




Example 6.4 suppose the joint density function for two continuous random variables, X and Y, is given by

Joint Density Function for

Continuous Random Variables flay) = {Cx f0=x=L0=y=1

0 elsewhere

Determine the value of the constant c.

Solution | A graph of f{x. v) traces a three-dimensional, wedge-shaped figure over the unit square
(0 =x=1land0 =y = 1) in the (x, y)-plane, as shown in Figure 6.1. The value of
¢ is chosen so that fix, y) satisfies the property

[ [non

Performing this integration yields

GO through a” ]_:f_:ﬂx,y)dxdy [[adrdy

examples!! ;f:E’”ﬂ@

x5
Setting this quantity equal to 1 and solving for ¢, we obtain

< -2
—2 or =

Therefore,

oLy)=2x for0=x=1 and 0=y=1
y y




E‘Kﬂmple 6.7 Refer to Examples 6.4-6.6. Find the conditional density function for X given ¥, and show that it satis-
Finding a Continuous Density fies the property

Function o
f filx|y)dx =1
—00

Solution | Using the marginal density function f>(y) = 1 (obtained in Example 6.6) and Defini-
tion 6.6, we derive the conditional density function as follows:

Xy 2x
filx }’)=ﬂ '}= | =2x. D=x=1

f(y)

We now show that the integral of f;(x | v) over all values of X is equal to 1:

! I 2\
ffl(xl}’)dr=2/xdx=z(— _
0 0 2 0




Example 6.8

Joint Density Function—
Range of X Depends on Y

Solution

Suppose the joint density function for X and Yis

cx f0l=x=y0=y=1

o

Find the value of c.

elsewhere

Refer to Figure 6.1. If we pass a plane through the wedge, diagonally between the
points (0, 0) and (1, 1), and perpendicular to the (x, y)-plane, then the slice lying along
the y-axis will have a shape similar to that of the given density function (graphed in
Figure 6.2). The value of ¢ will be larger than the value found in Example 6.4 because
the volume of the solid shown in Figure 6.2 must equal 1.

FESY!

FIGURE 6.2 FIGURE 6.3
Graph of the joint density function for Region of integration for
Example 6.8 Example 6.8

We find ¢ by integrating f{x, y) over the triangular region (shown in Figure 6.3) de-
finedby 0 = x = yand 0 = y = 1, setting this integral equal to 1, and solving for c:

oa (4] 1 ¥ 1_;('2-‘:
[ oo [ [t [ £]
oo 0 Jo o 2 o
1.2 S\
c] y—a‘\':c}— .
0o 2 6 o 6

Setting this quantity equal to 1 and solving for c yields ¢ = 6; thus, f{x, y) = 6x over
the region of interest.



6.14 Servicing an automobile. The joint density of X, the total
time (in minutes) between an automobile’s arrival 1n the
service queue and its leaving the system after servicing,
and ¥, the time (in minutes) the car waits in the queue be-
fore being serviced, is

{‘.*E.'_’1ij f0=y=x;0=x< o0

flx.y) = {

0 elsewhere

. Find the value of ¢ that makes f(x, y) a probability den-
sity function.
. Find the marginal density for X and show that

/ fi(x) dx =1

. Show that the conditional density for ¥ given X 1s a uni-
form distribution over the interval 0 = ¥ = X.
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Definition 6.7

Let g(X, Y) be a function of the random variables X and Y. Then the expected value (mean) of g(X, Y)
Is defined to be

4
E E 8(-’f~. }-’)P(l‘, 1) it X and Y are discrete
y X

E[g(X.Y)] = <

o0 0
/ / g(x. v)f(x.y)dxdy if Xand Y are continuous
| J—0J -




THEOREM 6.1

Let ¢ be a constant. Then the expected value of ¢ is

E(c) = ¢

THEOREM 6.2

Let ¢ be a constant and let g(X., Y) be a function of the random variables X and Y. Then
the expected value of cg(X, Y) is

Elcg(X, Y)] = cE[g(X. Y)]




THEOREM 6.3

Let gi(X, Y), go(X. Y).....guX, Y) be k functions of the random variables X and Y.
Then the expected value of the sum of these functions is

E[gi(X.Y) + &(X.Y) + -+ g(X. Y)]

= E[gi(X.Y)] + E[g2(X. Y)] + - + E[gi(X. Y)]




Definition 6.8

Let X and Y be discrete random variables with joint probability distribution p(x, y) and marginal prob-
ability distributions p,4(x) and p,(y). Then X and Y are said to be independent if and only if

p(x.v) = p1(x)pa(y) for all pairs of values of x and y

Definition 6.9

Let X and Y be continuous random variables with joint density function f(x, ¥) and marginal density
functions f4(x) and f,(y). Then X and Y are said to be independent if and only if

flx.v) = fi(x)fa(y) for all pairs of values of x and y




Example 6.10 Refer to Example 6.8 and determine whether X and Y are independent.

Demonstrating Dependence

Solution | From Example 6.8, we determined that f(x, v) = 6x when0 = x = yand 0 =y = .
Therefore,

00 ] 1
fi(x) = / fey) dy = / 6x dy = 6x_»]

6x(1 — x) where0 = x = 1

Similarly,

H(»)

You can see that f1(x)f2(v) = 18x(1 — Jc:)y2 is not equal to f(x, v). Therefore, X and Y
are not independent random variables.




THEOREM 6.4

If X and Y are independent random variables, then
E(XY) = E(X)E(Y)

Proof of Theorem 6.4 We will prove the theorem for the discrete case. The proof
for the continuous case is identical, except that integration is substituted for summa-
tion. By the definition of expected value, we have

E(XY) = E E xyp(x, v)

S i) = E6) and 3 pa(y) = E(v)

) L ) i Therefore,
But, since X and Y are independent, we can write p(x,v) = py(x)pa(v). Therefore,

E(XY) = E(X)E(Y)
E(XY) = E E xyp1(x)pa(v)

It we sum first with respect to X, then we can treat ¥ and p,(v) as constants and apply
Theorem 6.2 to factor them out of the sum as follows:

EXY) = 3 () S i)

y




a. Strong positive b. Strong negative c. Weak relationship d. Weak linear relationship
relationship relationship (strong nonlinear relationship)

FIGURE 6.4

Linear relationships between X and ¥

FIGURE 6.5

Signs of the cross-products
(x = p)(y — )




Definition 6.10
The covariance of two random variables, X and Y, is defined to be

Cov(X. ¥) = E[(X = w)(¥ = py)]




THEOREM 6.5
Cov(X. Y) = E(XY) — sy
Proof of Theorem 6.5 By Definition 6.10, we can write

Cov(X.Y) = E[(X — p)(Y — my)]
= E(XY — .Y — puy X + puy)

Applying Theorems 6.1, 6.2, and 6.3 yields

Cov(X.Y) = E(XY) — mE(Y) — myE(X) + oty

= E(XY) — ppty — potty + ity
= E(XY) —




Example 6.11 Find the covariance of the random variables X and Y of Example 6.4.

Finding Covariance

Solution | The variables have joint density function f(x,y) = 2x when 0 = x = 1 and
0 = v = 1. Then,

E@ﬂ=£l%mnﬁ@

_fgfi‘ d_zfld_zzil_i
S\ T, Y T3\ 2 |, 3

In Examples 6.5 and 6.6, we obtained the marginal density functions f(x) = 2x and
f(y) = 1. Therefore,

! ! 3\ 1
an- [ 2]

Furthermore, since Y is a uniform random variable defined over the interval
0 =y = 1 (see Example 6.6), it follows from Section 5.4 that p, = % Then,

)-o




THEOREM 6.6

It two random variables X and Y are independent, then

Cov(X,Y) =0




Definition 6.11
The coefficient of correlation p for two random variables X and Y is

Cov(X,Y)
p —_—

where o and o, are the standard deviations of X and Y, respectively.




Property of the Correlation Coefficient

—]“_:pil
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THEOREM 6.7

Let ¥ be a continuous random variable with density function fi v) and cumulative dis-
tribution F(y). Then the density function of W = F(y) will be a uniform distribution
defined over the interval 0 = w = 1., i.e.,

g(w) =1 (0=w=1)

Proof of Theorem 6.7 Figure 6.10 shows the graph of W = F(y) for a continuous
random variable Y. You can see from the figure that there is a one-to-one correspon-
dence between y values and w values, and that values of ¥ corresponding to values of
Win the interval 0 = W = w will be those in the interval 0 = ¥ = y. Therefore,

P(W=w) = P(Y =y) = F(y)

But since W = F(y). we have F(y) = w. Therefore, we can write

Gw)=PW=w)=Fy)=w
Finally, we differentiate over the range 0 = w = 1 to obtain the density function:

dF (w)

=10=w=1
” O=w=1

g(w) =

FIGURE 6.10 w

Cumulative distribution function F(y)
1.0

W




Example

Example 6.14 Use Theorem 6.7 to generate a random sample of n = 3 observations from an exponential distribu-

Generating a Random Sample tion with g = 2.

Solution | The density function for the exponential distribution with 8 = 2 is

e_y//z

if0 =y < oo

) =

0 elsewhere

R Y p~t/2 y
— 00 o 2 0

Ifwelet W = F(y) =1 — ¢™¥/2_ then Theorem 6.7 tells us that W has a uniform den-
sity function over the interval 0 = W = 1.



The true

density

## w method of sampling
rmyexp=function(n, ...){
graphics.off()
w=runif(n,0,1)
y=-2*log(1-w)
h=hist(y,plot=FALSE, ...)
coll = rgb(hSdensity/max(hSdensity),.4,.1)
windows()
hist(y,freq=FALSE,main="Uniform W",col = coll, ...)#
col=rainbow(length(hSmids)),...)
curve( exp(-x/2)/2,add=TRUE,col="Blue",lwd=2)
text(10,.3, pasteO("Simulation using\n w uniform method ",
"n=",n,"\n ", "1/2exp(-x/2)"))
legend("topright", legend = c("Simulation",
"Simulation","Truth"), fill=c(coll[1],coll[length(coll)], "Blue"))
dev.new(noRStudioGD = TRUE)
df=data.frame(y)
library(ggplot2)
g = ggplot(df, aes(x=y)) + geom_histogram(aes(fill=..density..),
bins = 50) + geom_density( col = "Red")
g = g + stat_function(fun = function(x) exp(-x/2)/2)
print(g)
}
rmyexp(100000, nclass = 40)



Density

0.4
|

03

0.2

0.1

0.0

Uniform W

Simulation using
w uniform method n=1e+05
1/2exp(-x/2)

B Simulation
B Simulation
Bl Truth

20




Order Statistics

e Sample of size “n” what is the distribution of:

Ymin» Ymax ?



Taken From
Larsen and
\ET

Suppose that Y\, Ya, ..., Y, is a random sample of continuous random variables,
each having pdf fy(y) and cdf Fy(y). Then

a. The pdf of the largest order statistic is

Fron ) = fr:(0) = n[F M fry)

b. The pdf of the smallest order statistic is

Fraa®) = fr;(¥) = nll = O fr ()

Proof Finding the pdfs of ¥pa and Yyie is accomplished by using the now-
familiar technique of differentiating a random variable’s cdf. Consider, for
example, the case of the largest order statistic, ¥;:

Fr,(v) = Fros () = P(Yiax £ ¥)
=PV 2y.Y225y, .Y, 2y)
=PY, 2y)-P(Ya<y)---P(Y,2y) (why?)
= [F()]"
Therefore,
fri(v) = d/dy[[Fr D] = n[Fr )" fr (v)
Similarly, for the smallest order statistic (i = 1),
Fy;(v) = Fr,,, () = P(Yuin < ¥)
= 1= P(Yoin > ) =1 = P(Y; > y) - P(Y2 > y) - P(Y > )
=1-[1-KOI
Therefore,

fri) =d/dy[1 = [1 = FW)"] = nll = RO fr(y)




Make:
dpqgr functions for order statistics
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Fle Edit Code View Plots Session Build Debug Profile Tools Help
-+ &- B EM & A Gotofilefunction ~ Addins ~ £ Project: (None) ~
: &l birthday.R 2 replicate (1)R &) Untitleds* R 1s12 ()R & Rcode (4)R 2 app (19)R 2 dpqr.R* » w= ()  Environment History Connections Help Tutorial — ]
- .‘. ...SOIUTCGOHSBV'E | e “. & BErn & 4 3 Ersouce -~ = a B M A Q Cc
g #Distribution of Ymin,Ymax R: Draw Function Plots -~ | Find in Topic
4+ dymax <- function(y,n, mu, sigma){ ] curve {graphics} R Documentation
5 n*(pnorm(y, mean = mu, sd = sigma))A(n-1)*dnorm(y,mean = mu, sd = sigma)
6~}
7 Draw Function Plots
8 windows(); curve(dymax(x,10,0,5), from = -10, to = 20)
9
10 dymax(3:10,10,0,5) Description
11
12 » pymax <- function(y,n,mu,si gma){ Files ' Plots Packages Viewer Presentation =
13 pnorm(y,mean = mu, sd = sigma)An
o €« 2 Zoom Wixport - M € - C
15
16 pymax(3:10,10,0,5) . . .
17 Ymax distribution
18 » gymax <- function(p,n,mu, sigma){
19 gnorm(pA(l/n),mean = mu, sd = sigma)
20~ }
21
22 qymax(0.5, 10,0,5)
23
24 -~ rymax <- function(nsam, n, mu, sigma){
25 gymax(runif(nsam), n, mu, sigma)
26- }

27 y <- rymax(10000,10,0,5)

28 h <- hist(y,plot = FALSE)

29 r <- hf%density/max(h$density)

30 maxd <- maxCh$density)

31 hist(y,freq = FALSE, col = rgb(r,rA2,0.5),

32 ylim = c(0, 1.1*maxd), xlab = expression(Y[max]), main = "Ymax distribution™)

33 curve(dymax(x,10,0,5), add = TRUE, 1lwd = 3, col = "Fli=a@")

34

34:1 (Top Level) = R Script ©

Console =90




Ymax distribution




Find the density of W = XY where fxy(z,y) = 2y on [0, 1]?

A colorful step-by-step derivation using the identity Fyr(w) =1 — P(W > w).

w

1) Problem setup
We are given the joint density
fxy(z,¥) =2y, 0<z<1,0<y<L
Let W = XY _ We will compute the CDF via
Fy(w) =1— P(W > w).

2) Consider the range of w
Ifw < 0then Fy(w) = 0. If w > 1 then Fyr(w) = 1 because 0 < X¥ < 1. So we only need to compute for 0 < w < 1.

3) Write the probability P(W > w) as a double integral

P(W>w)=P(XY>w)=ff 2y dz dy.
{{(zw)[0A]xy>w}

For a fixed gy with \(0\le yw"). For y € [w, 1] the condition 1s = > w/y. Thus the region 1s y € [w, 1], = € (w/y, 1].

4) Integrate in z first

P(W‘;-w)=fl j: 2ydz dy

p=w r=wfy

=f [2y(1— 3)]dy

= (2y — 2w) dy.

p=uw




4) Integrate in z first

1 1
P(W>w)=// 2y dz dy

y=w

=/ [2y(1— 3)] dy

y=w

1
= / (2y — 2w) dy.
y—w

=w/y

5) Finish the integral

P(W > w) = /:(2y— 2w)dy = [y2 — 2wy]1

v=w

:(1—2w)—(w2—2w2):1—2w+w2=(1—w)2.

6) CDF and PDF

Thereforefor0 <w <1
Fw(w)=1—-P(W>w)=1—(1—w)?=2w—w’.
Differentiate to obtain the density

fw(w) = Fip(w) = 2 — 2w = 2(1 — w), 0<w<1l

fw(w)=21-w), 0<w<1

And fw(w) =0forw < 0orw >

Final pos{a




Suppose that the following is true:

Fy(w) = 2w — w?

fww) =2 —2w=2(1—-w)

Create dpqr functions!



# dw

dw <- function(x){
ifelse(x >= 0 & Xx <= 1, 2%(1-x), 0)
}

curve(dw, x11m = c(-1,2))

Follow the R

code # pw

pw <- function(x){
1felse(x <0,0,
1felse(x >=0 & x <= 1,
25X - XA2, 1))
}

curve(pw, xlim = c(-1,2))




# qw
#WA2 - 2w + p = O

gw <- function(p){
ifelse(p >=0 & p <=1, 1 - sqrt(1-p),stop("p >= 0 and p <= 1"))
}

# OR

# This is done so that you can see how to make this work when an algebraic solution
is not obvious

# 1n our case we have wA2 - 2w + p =0

#Use quadratic eq to solve or find roots with uniroot

# experiment with map

purrr::map_vec(l:4, ~ .xA2 + 10) # replaces a for Toop

p <- ¢(0.1,0.4)

map_vec(.x = p,.T = function(.x) {
out <- uniroot(f = function(X) xA2 - 2*x + .X, interval = c¢(0,1), tol = 1le-15)
outf$root

B




#Now make the function

gw2 <- function(p){
ifelse(p >= 0 & p <= 1, {
purrr::map_vec(.x = p,.T = function(.x) {
out <- uniroot(f = function(x) xA2 - 2*X + .X,
interval = c(0,1), tol = le-15)
return(out$root)

)

},stop("p >= 0 and p <= 1))

# Does it work?

gw2(c(0.1,0.4))

gw(0.4)

gw(seq(0,1,by = 0.1)) - qw2(seq(0,1,by = 0.1)) #compare




# rw
#This use the w-F theorem from book

rw <- function(n){
ifelse(n >=1, {
w <- runif(n)
return(gw(w))
}, stop("n >= 1))

}
# Now lets test 1t!!

w <- rw(n = 10000)
h <- hist(w, plot = FALSE) # don't plot just obtain stats
rr <- h$density
rr <- rr/max(rr)# This will be a vector with components between 0 and 1
hist(r, freq = FALSE,

col = rgb(rr,rrA2, 0.4),

xlab = "w",

main = "Histogram of w",

las = 2)
curve(dw, add = TRUE,

wd = 4, col = "Blue™)




Density

2.0

1.5

1.0

0.5

0.0

Histogram of w

0.0




Definition 6.12

Let Y4, Yo, ..., Yo be random variables and let a4, a4, . . ., @, be constants. Then ¢ is a linear function
of Yq, Yy, ..., Ypif

( =a1Yy + arYr + -+ + a,Y,




THEOREM 6.8

The Expected Value E({) and Variance V({)* of a Linear Function of Y4, Y5, ..., Y;
Suppose the means and variances of Y. Ya. . ... Y, are (). 07), (u2 03).. ... (1 02).
respectively. If { = a\Y; + a,Y>, +--- + a,Y,,. then

E({) = ajpy + aypr + -+ + dappty

and

o7 = V({) = alo] + a3o3 + -+ + aio

+ 2aya;Cov(yy, v2) + 2ayazCov(yp. vz) + -+




Go through all examples

Suppose Y3, Y, and Y are random variables with (uq =1, 0% =2), (2 =3,05=1), (u3 =0,

. o = 4), Cov(Yq, Yo) = -1, Cov(Yq, Ya) = 2, and Cov(Y,, Ya) = 1.Find the mean and variance of
Mean and Variance of a 3 ) (Y2, Y2) (Y1, Y3) (Y2 Y3)

Function of Random Variables { =2Y, + Y, — 313



Get these examples

Example 6.16 LetY,, Y, . .., Y, be a sample of n independent observations selected from a population with mean
and variance o2. Find the expected value and variance of the sample mean, Y.

Expected Value of the H 7 P P '

Sample Mean

Example 6.17 Suppose that the population of Example 6.16 has mean x = 10 and variance o2 = 4. Describe the

Probability Distribution of the probability distribution for a sample mean based on n = 25 observations.

Sample Mean

4




Definition 6.13
The sampling distribution of a statistic is its probability distribution.

Definition 6.14
The standard error of a statistic is the standard deviation of its sampling distribution.

In R the standard error is the estimate of the
standard deviation of the sampling statistic




THEOREM 6.9 The Central Limit Theorem

It a random sample of n observations, Y|, Y, ..., Y,, 1s drawn from a population

with finite mean u and variance o, then, when n is sufficiently large, the
sampling distribution of the sample mean Y can be approximated by a normal density
function.




Definition 6.15
Let Y4, Yo, ..., Y be a random sample of n observations from a population with finite mean p and
finite standard deviation o. Then, the mean and standard deviation of the sampling distribution

of Y, denoted wjy and oy, respectively, are

My = M. ch;:cr/\/E




THEOREM 6.10

Letay, a», ..., a,beconstants and let Yy, V>, ..., Y, be n normally distributed random
variables  with E(Y;) = w;, V(Y;) = o7, and Cov(Y.Y)) = 0 (i = 1,2,....n).
Then the sampling distribution of a linear combination of the normal random variables

{ =aYy + a Y, +---+ a,Y,
possesses a normal density function with mean and variance*

E(€) = p = ajpuy + apy + -+ + aypy

V({) = a%cr% + a%a% + -+ aﬁa'ﬁ

+ 2ayar0 1, + 2ayay03 + -0+ 2aya,0,
+ 2&2&30‘23 + -+ 2(?2&”(?2”

+ - 2'ﬂﬂ—lﬂnﬂ'n—l.ﬂ




Example 6.20 Suppose you select independent random samples from two normal populations, n4 observations from

sambling Distribution of population 1 and n, observations from population 2. If the means and variances for populations 1 and
— D_ 8 2 are (w1, o) and (ug,0%), respectively, and if Y1 and Y2 are the corresponding sample means, find
(Y1 —Y2) the distribution of the difference (Y, —Y5).




Since vi and y, are both linear functions of normally distributed random variables,
they will be normally distributed by Theorem 6.10. The means and variances of the
sample means (see Example 6.16) are

2
— — a;
E(Y;) = w and V(Y;) =—= (i=1.2)
1
Then, { = Y, — Y, is a linear function of two normally distributed random variables,

v, and y,. According to Theorem 6.10, { will be normally distributed with

E(() = pe = E(Y1) — E(Y2) = p1 — 2

V(£) = o = (1)°V(Y}) + (=1)°V(Y3) + 2(1)(=1)Cov(Y;, 1)

But, since the samples were independently selected, Y, and Y, are independent and
Cov(Yy, Y2) = 0. Therefore,

2 2

a a

V() = — + ==
n HH

We have shown that (Y| — Y») is a normally distributed random variable with mean
(w1 — o) and variance (o1/ny + o3/n5).




The Sampling Distribution of a Sum of Random Variables

[f a random sample of n observations, Y, Y, ..., Y, 1s drawn from a population with
finite mean u and variance o, then, when 7 is sufficiently large, the sampling distri-
bution of the sum

n
21@
<

can be approximated by a normal density function with mean E(XY) = nu and

V(ZY;) = no?. l




6.76 Levelness of concrete slabs. Geotechnical engineers use
water-level “manometer” surveys to assess the levelness
of newly constructed concrete slabs. Elevations are typi-
cally measured at eight points on the slab; of interest is the
maximum differential between elevations. The Journal of
Performance of Constructed Facilities (Feb. 2005) pub-
lished an article on the levelness of slabs in California res-
idential developments. Elevation data collected for over
1,300 concrete slabs before tensioning revealed that maxi-
mum differential, ¥, has a mean of u = .53 inch and a
standard deviation of o = .193 inch. Consider a sample
of n = 50 slabs selected from those surveyed and let Y
represent the mean of the sample.

a. Fully describe the sampling distribution of Y.

b. Find P(Y > .58).

C. The study also revealed that the mean maximum differ-
ential of concrete slabs measured after tensioning and
loading 1s pu = .58 inch. Suppose the sample data
yields Y = .59 inch. Comment on whether the sample
measurements were obtained before tensioning or after
tensioning and loading.

-
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Normal approximation to the Binomial

1f success

H
Y = E Y where Y; =
1=

1t failure



Condition to be satisfied

Condition Required to Apply a Normal Approximation to a Binomial
Probability Distribution

The approximation will be good if both 4 — 200 = np — 2V npg and p + 200 =.
np + 2V npq lie between 0 and n. This condition will be satisfied if both np = 4 and
ng = 4.






Continuity correction

Continuity Correction for the Normal Approximation to a Binomial
Probability

Let Y be a binomial random variable with parameters n and p, and let Z be a standard
random variable. Then,

(a +.5) — np)
\V npq

(a —.5) — np)
V npq
a— .S5) — np b+ .5) — np
P(af-i}f-::b)%P(( ) '[<:Z<( ) I)

V npq V npq

This will be difficult to remember —
please use first principles to
perform continuity corrections

P(Y = a) = P(Z <

P(Y = a) = P(Z =




Sampling distributions — related to Normal

[f a random sample of n observations, Y., Y>, . ... Y, 1s selected from a normal distri-
- L] L] 1 . - L L] ™
bution with mean w and variance o~, then the sampling distribution of

(n — 1)s”

X~ = 5
a

has a chi-square density function (see Section 5.7) with v = (n — 1) degrees of freedom.

£ "" £
Note: The random variable s~ represents the sample variance.



THEOREM 6.12

It )(% and )(% are independent chi-square random variables with »| and v, degrees

of freedom, respectively, then the sum ( X% + X%) has a chi-square distribution with
(v; + vy) degrees of freedom.







Problem Find fZ (Z)

Suppose X and Y are independent random variables.

fZ=X+Yandf(z)=e* x>0 fly =e ¥, y>0

Proof a

Using MGF's prove that Z ~ Gamma(a = 2,8 = 1)

Solution

My (t) = (1 —t) " and My (t) = (1 — t) ! since both X and Y are exponential densities.
Therefore, M z(t) = My (t) My (t) = (1 — t)~2 this is the MGF of a gamma (1 — t) ¢
2. Z ~ Gammala =2,8=1)




Proof b

Using Bivariate distributional theory and techniques (set up integral) prove that the density of £ is a Gamma(a =20

Solution

What we need to do is find the cumulative distributional function F'z(z) then differentiate to find the density.

dFz(2)

fz(z) = —,

Hopefully this will be the Gamma we desire!
We will start with F'z(z)
Fz(z) =P(Z<z)=P(X+Y <z)=PY <z-X)










pg <- function(x){
1-exp(-x) - x*exp(-x)

}

curve(expr =

x1im
main

xlab =

ylab

P8,

c(@, 2 +3*sqrt(2)),

"Cumulative Distribution Function",
g,

"F(2)")

Cumulative Distribution Function




dFy(z)

dz
d(—e* —ze *4+1)
dz

a

—e "—e "4 ze ©

ze ©

y* e u/h . 2 2
= ———, Gamma Density p = af, ¢ = af

per(a)

dg <- function(x) {
**exp(-x)

)

curve(expr = dg,
xlim = c(@, 2 +3*sqrt(2)), # @,mu + 3 sigma
main = "alpha = 2, beta = 1",
ylab = "Gamma density”,
¥lab = "z")




alpha = 2, beta =1

=
L]
=
a
2
]
E
E
©
&0

So Z ~ Gamma(a = 2, 3 = 1). Note that:




Definition of T random variable

Definition 6.16

| et Z be a standard normal random variable and y? be a chi-square random variable with » degrees of
freedom. If Z and y? are independent, then

VA
\/ )(2;’1'

Is said to possess a Student’s T distribution (or, simply, T distribution) with » degrees of freedom.

T =



Definition 6.17

Let yi and x3 be chi-square random variables with », and », degrees of freedom, respectively. If y7
and y3 are independent, then

_ X%/Vl
X%/l"z

F

Is said to have an F distribution with »1 numerator degrees of freedom and », denominator degrees
of freedom.




Go through all examples

Suppose the random variables Y and S? are the mean and variance of a random sample of n observa-
L , tions from a normally distributed population with mean w and variance 2. It can be shown (proof
Derwa_tlon_ of Student’s omitted) that Y and S? are statistically independent when the sampled population has a normal distri-
T-distribution bution. Use this result to show that

Y — u

S/Vn

T:

possesses a T distribution with » = (n — 1) degrees of freedom.*



Sampling Distributions of Statistics Based on Independent Random Samples of n, and n,
Observations, Respectively, from Normally Distributed Populations with Parameters(u4, o) and (u,, 0%))

Additional Basis of Derivation of

Statistic Sampling Distribution Assumptions Sampling Distribution
(ny + ny — 2)S2

X’ = —ﬁp Chi-square with ol =03 = o’ Theorems 6.11-6.12

v=(n +n—2)

degrees of freedom

where
2

, (= 1)81 + (m — 1)83

-
: ny +ny — 2

(Y1 = Y2) = (w1 — m2)

= T 1 Student’s T with ol =03 =0’ Theorems 6.10-6.11
Sp\."'— + — v=(n +n—2) and Definition 6.15
o m degrees of freedom
where
, (= 1S+ (m— 1S
P ny +ny — 2
P ST\ o3
B 52 (rf F distribution with None Theorem 6.11 and
) vi=(m = 1) Definition 6.17

numerator degrees
of freedom and

vy = (m—1)
denominator degrees
of freedom




TABLE 6.3b Sampling Distributions of Statistics Based on a Random

Sample from a Single Normally Distributed Population with Mean p and
Variance o2

Additional Basis of Derivation of
Statistic Sampling Distribution  Assumptions Sampling Distribution

(n — 1)§?

Chi-square with None Methods of Section 6.7
v=(n-—1)
degrees of freedom

Student’s T with Theorems 6.10-6.11
v=(n—1) and Definition 6.15
degrees of freedom




Quick Review
Key Terms

| Note: Items marked with an asterisk (*) are from the optional section in this chapter.]
Bivariate density function Continuity correction 272 Linear function 257

241 Correlation 283 Linear relationships 250
Bivariate probability Covariance 251 Marginal density function

distril?ution 236 #Cumulative distribution 242
Central limit theorem 283 function method 253 Marginal probability
Chi-square distribution 274 Expected values 253 distribution 236, 237

Conditional density F distribution 274 Monte Carlo simulation

function 242 lﬂdEpEﬂdEﬂt 247 262

Conditional probability
distribution 237, 238

Multivariate probability

Joint probability distribution 239

distribution 236

Sampling distribution
261

Sampling distribution of the
mean 261

Sampling distribution of a
sum 268

Standard error 261
T distribution 274




Key Formulas

Conditional probability distribution for discrete
random variable:

Conditional density function for continuous
random variable:

Expected values:

Covariance:

Correlation:

Normal approximation to binomial:

Sampling distribution of ¥:

Sampling distribution of X¥:

p(x|y) = p(x,y)/p(y) if X and Y are dependent
= p(x) if X and Y are independent

fix|y) = flx,¥)/f(y) if X and Y are dependent
= flx) if X and Y are independent

E(c) = ¢
c-E[g(X. Y)]
2(X.Y)] = E[gi(X.Y)] + E[gy(X. V)]
« E(Y) if X and Y are independent

(XY) — E(X) + E(Y) if Xand Y dependent
if X and Y independent
if X and Y dependent

if X and Y independent

a— 5) —n b+ 5)—n
P( ) p<z<( ) — np

R v

Standard deviation = o/ Vn
Standard deviation = Va o




LANGUAGE LAB

Symbol
px|y)

fixly)
CoviX., Y)

Pronunciation
pof x given y
fofxgiveny
Covariance
rho
mu of Y

sigma of Y

Description

Conditional probability distribution for X given ¥
Conditional density function for X given Y
Covariance of X and ¥

Correlation coefficient for X and Y

Mean of sampling distribution of ¥

Standard deviation of sampling distribution of Y




Chapter Summary
The joint probability distribution for two random variables is called a bivariate distribution.

The conditional probability distribution for a random variable X, given ¥, is the joint probability distribution for X and
Y divided by the marginal probability distribution for Y.

The covariance of X and Y: Cov(X, Y) = E(XY) — E(X)-E(Y).
The correlation: of X and Y: p = Cov(X, Y)/(0,0)

For two independent random variables, (1) the joint probability distribution is the product of the two respective mar-
ginal probability distributions, (2) E(XY) = E(X)+ E(y), (3) covariance equals 0, and (4) correlation equals 0.

The sampling distribution of a statistic is the theoretical probability distribution of the statistic in repeated sampling.
The standard error of a statistic is the standard deviation of the sampling distribution.

Monte Carlo simulation involves repeatedly generating observations on a statistic in order to approximate the sam-
pling distribution.

The central limit theorem states that the sampling distribution of Y is approximately normal for large n.
Two properties of the sampling distribution of Y: mean = . standard deviation = U/\/H

Normal distribution can be used to approximate a binomial probability when w + 2o falls within the interval (0, n).
This will be true when np =4 and ng = 4.

Some sampling distributions related to the normal distribution: chi-square distribution, Student’s T distribution, and
F distribution.
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